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ABSTRACT The continuum and single jump treatments of ion transport through black lipid membranes predict
experimentally distinguishable results, even when the same mechanistic assumptions are made and the same

potential-distance profile is used. On the basis of steady-state current-voltage curves for nonactin-mediated transport of
potassium ions, we find that the continuum model describes the data accurately, whereas the single jump model fails to
do so, for all cases investigated in which capacitance measurements indicate that the membrane thickness varies little
with applied potential.

INTRODUCTION

Artificial planar black lipid membranes have been used
widely as models for biological plasma membranes.
Mueller et al. (1962a, 1962b, 1963) developed a method to
make such ultrathin membranes from dilute solutions of
lipids in organic solvents. Unfortunately, depending on the
solvent used, some of it may remain in these membranes
(Andrews et al., 1971; Fettiplace et al., 1971; Pagano et al.,
1972; Bunce and Hider, 1974) and may affect their
properties.
The incorporation of solvent was reduced considerably

by Montal and Mueller (1972; see also Montal, 1973; Benz
et al., 1975) when they used an alternative method, first
described by Takagi et al. (1965), based on the fusion of
two monolayers. Artificial planar membranes made by
either technique have played a major role in establishing
the qualitative and quantitative description of ion transport
through biological membranes, and are still doing so.

There are two main approaches to the quantitative
description of ion transport through black lipid mem-
branes. In the first one considers the membrane interior as
a hydrocarbonlike continuum of low dielectric permittivity.
Such a macroscopic region, interposed between two aque-
ous solutions, forms an effective barrier to ion transport,
given the Born energy (Born, 1920; Finkelstein and Cass,
1968; Parsegian, 1969; Neumcke and Lauger, 1969)
required to bring an ion from a region of high to one of low
permittivity. Transport through such a hydrocarbonlike
liquid phase can be described in terms of the classical
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Nernst-Planck equations (Nernst, 1888, 1889; Planck,
1890). Because of the Born energy, the solubility of ions in
the membrane interior will usually be quite low, in which
case the Nernst-Planck equations can be simplified consid-
erably, and lead to the constant field approximation (Mott,
1937; Goldman, 1943; MacGillivray and Hare, 1969; de
Levie and Moreira, 1972; de Levie et al., 1972).
The second approach is based on the fact that the entire

thickness of the hydrocarbon region of black lipid mem-
branes is often of the order of only 2 to 3 nm, too thin to be
considered a macroscopic phase. An ion permeating such a
membrane is always close enough to an interface to sense
the proximity of the aqueous phases, through both dipole
potentials and image forces. This led to considering the
entire membrane as a single activation energy barrier
(Markin, 1969; Lauger and Stark, 1970; Ketterer et al.,
1971). The resulting single jump model, which describes
ion transport in terms of chemical rate equations, also leads
to a very simple mathematical formalism.
The macroscopic description of ion transport given by

the constant field approximation might be expected to
apply to a hydrocarbon layer with a thickness of, say, 30
nm, such that interfacial effects are relatively unimpor-
tant. Likewise, the single jump model might be expected to
apply to distances of the order of the diameter of a
-CH2-group, i.e., of perhaps 0.3 nm. Unfortunately,
though not by accident (de Levie, 1978), the actual width
of the hydrocarbon region in black lipid membranes is
intermediate between these values, and neither simple
model can be expected to yield a reliable description.
Therefore, efforts have been made to modify the above
approaches.

For the continuum approach, one can introduce interfa-
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cial effects by rounding the potential-distance profile near
the membrane-water interfaces in an effort to represent
the effects of dipole and image forces. Such rounding can
be achieved with either a continuous algebraic function
(Hall et al., 1973; de Levie, 1978) or by using a trapezoidal
profile (Hall et al., 1973; Hladky, 1974). The latter
approach is selected here since it facilitates direct compari-
son with the single jump formalism.

Hall et al. (1973) modified the single jump formalism so
that it could account for rectification (observed, e.g., with
dissimilar concentrations of membrane-permeable ions on
either side of the membrane) without having to consider
finite rates of interfacial reactions (Stark, 1973). To this
end they considered the single jump model for a trapezoi-
dal potential-distance profile. It seems germane to investi-
gate whether these two approaches, each generalized by
using the same trapezoidal profile, will become indistin-
guishable or, if not, which one better describes experimen-
tal observations.

In the context of the single jump model, the use of a
potential-distance profile needs some justification, because
the single jump treatment does not require a profile, but
only a barrier height. Nonetheless a profile is convenient as
a conceptual aid in visualizing how the barrier height
varies with applied voltage. For example, the original
single jump model can be considered to be based on the
profile of an isosceles triangle superposed on a constant-
field baseline, the latter accounting for the effect of the
external potential. It is in this limited sense, of a conceptual
aid in specifying the barrier height and its dependence on
applied voltage, that we use a profile in the single jump
formalism.
We emphasize that the trapezoidal profile used here in

conjunction with both model approaches contains an
adjustable parameter, with a numerical value which is to
be determined experimentally. The continuum model
regains its original form when the present continuum
approach is used in conjunction with # = 0, which expands
the trapezoid into a rectangle. Likewise, the original single
jump formalism is recovered from our single jump treat-
ment when used with ,B = 0.5, in which case the trapezoid is
collapsed into a triangle. Thus, the trapezoidal profile
assumed here extends the original continuum and single
jump models in such a way as to include their original
forms. A comparison between these treatments, using the
same assumed profile, allows us to focus on the validity of
the basic assumptions involved in these models.
Such a comparison is useful because it turns out that,

even when they are based on the same mechanistic assump-
tions, and on the same potential-distance profile, the
predictions of the continuum and single jump models are
not identical, because these same assumptions are used in
different ways in the two approaches. In the continuum
formalism, the concentrations of ions and molecules in the
membrane are treated as continuous functions of distance
across the membrane, and the entire potential-distance

profile is used, together with the macroscopic laws of
electrodiffusion, to describe transport. In the single jump
approach all molecules and ions in the membrane are taken
as concentrated on the two sides of the barrier, of which
only the maximum height is used, the detailed barrier
shape being of no consequence whatever.

THEORY

In this section we will consider two different ion permeation mechanisms,
namely, those of lipid-soluble cations and of cation transport mediated by
a neutral carrier, even though the experiments reported here involve only
the latter. The results derived here should be applicable to anions as well,
after incorporation of their negative valency in the equations. However,
lipid-soluble anions typically exhibit strong adsorption, which complicates
the description of their permeation behavior. Moreover, these anions
move so readily through a black lipid membrane that their membrane
permeation rate is, often, limited by aqueous diffusion.
As our test system we use nonactin-mediated potassium transport that,

under our experimental conditions, behaves as limited only by the
membrane permeation of the potassium-nonactin complex. Below, then,
we will consider for both the continuum and single jump models the
steady-state current-voltage expressions for lipophilic cations and for
cation transport mediated by a neutral carrier.

In both models, the potential-distance profile across the membrane will
be taken to be the sum of an intrinsic profile and a perturbation due to the
externally applied potential. (The concentration of ions in the membrane
is assumed to be so low that its effect on the profile can be neglected.) The
intrinsic profile stems mostly from differences in solvation energy
between molecules in the membrane interior and those in the surrounding
aqueous solutions. For ions, it also includes the combined effects of the
Born energy, of image forces, and of dipole potentials. The influence of
the applied potential will, in both cases, be described in terms of a
constant field approximation, i.e., the additional, external potential will be
taken to be a linear function of distance across the membrane.
To keep the mathematics as simple as possible, we will make several

simplifying assumptions, all of which are believed to be applicable to the
system considered here under the experimental conditions used. Aqueous
transport will not be taken into account, i.e., the aqueous cation concen-
trations will be treated as uniform throughout the aqueous phases.
Furthermore, we will assume that the rates of phase transfer, i.e., those of
both entering and leaving the membrane for lipophilic cations, or those of
the formation and dissociation of the cation-carrier complex, are suffi-
ciently fast so as not to be rate limiting. (This restrictive assumption will
be relaxed in Appendix A.) Moreover, nonactin will be assumed to be
confined to the membrane, and its concentration there will be taken to be
in large excess over that of its potassium complex in the membrane.
Surface charges will not be taken into account, and the lipid composition
will be assumed to be the same on both sides of the membrane, so that the
potential-distance profile in the absence of an applied potential can be
taken to be symmetrical with respect to a plane through the middle of the
membrane. Last but not least, the membrane thickness d will be assumed
to be independent of time or applied potential. All of these assumptions
will, of course, be made for both models.

The Continuum Model
The continuum description of ion transport starts from the Nernst-Planck
equation (Nernst, 1888, 1889; Planck, 1890), which, for a monovalent
cation, reads

=IC DM a ( Mcvat Ox x-)' (1)

where CM denotes the volume concentration of the ion in the membrane,
and DM its diffusion coefficient, which is assumed to be independent of the
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distance x across the membrane. The (intrinsic plus external) potential
(in units of kT/e in order to make it dimensionless) is denoted by 4P. In the
steady state, &cM/ct - 0, and Eq. 1 can be integrated to

I dcm d#
FDM dx dx

(2)

where -I/FDM is the integration constant, and hence must be indepen-
dent of distance x. Eq. 2 can be recast as

I d
-
FDM e4' - (cmel), (3)

which can be integrated once more, from one side of the membrane to the
other, to yield

FDI £ e" dx = CMO - cMie-v
(4) I i i i

06.
where d is the membrane thickness, and the indices 0 and 1 denote values
at x/d 0 and x/d 1, respectively.
The integral in Eq. 4 can be evaluated for the trapezoidal profile of Fig.

I as

de4'dx Jdex(#o-,v)/1d dx

+
(I ->)d eO-xvld dx + d e0o/ -x(o+v)/d dx

e4~oxv/d (I-P)d

e-ov e(#- )O +od c, { ,d #de-
- __

~e (5)4'o - ov 00 + oV Vo\+- d iPo + Od}
Because O, >> v, the terms in Eq. 5 which are multiplied by e*o dominate,
and we can therefore use the approximation

fded dx
_

e40 [e-v e(ft)v] d/v. (6)

This result is the same as would have obtained by evaluating only for the
central portion of the profile, for x values between jld and (1 - (P)d. Thus,
the effect of using a trapezoidal barrier is, for all practical purposes,

identical to that of using a rectangular intrinsic barrier of reduced width
(I - 2#)d.

For a lipophilic cation, assuming equilibrium between the cation
concentrations at both sides of the interface, i.e.,

CMO = KCwo, CM, = KCw, (7)

where cw denotes an aqueous concentration and K a partition coefficient,
Eqs. 4, 6, and 7 yield the current-voltage relation

FDMKv (cwo - cwi e-8)

e*° d [e-OV e(f- l)vj * (8)

For carrier-mediated cation transport, with the neutral carrier in large
excess over the cation-carrier complex, we have instead

CMO = KNCNCWO, CM, = KNCNCWI

FIGURE 1 The trapezoidal potential-distance profile used in the
absence (top curve) or presence (bottom curve) of an externally applied
voltage. Potentials 4, and v are made dimensionless by expressing them in
units of kT/e and, likewise, distance x across the membrane is divided by
membrane thickness d.

The Single Jump Model
In the single jump approach, ion transport across the membrane is
described as that across a single activation energy barrier. The intrinsic
barrier is considered to be so high that the externally applied potential
constitutes only a minor perturbation on the total barrier shape and,
specifically, can be taken not to affect the position of the maximum in the
resulting overall potential-distance profile.

Because of the assumed height of the barrier, only a negligible fraction
of the ions and molecules in the membrane will, at any time, reside in the
region of the barrier maximum. Therefore, all ions and molecules are

assumed to be located in the positions of energy wells on both sides of the
barrier. The formalism reflects this by expressing their concentrations in
terms of the number of moles per unit membrane area, i.e., as surface
rather than volume concentrations.

For a lipophilic cation, the current can be written as

I=F(knMo - knMI) (1 1)

where I is the current density, F the Faraday, k and k are the
potential-dependent rate constants for ion transport from side 0 to side 1

of the membrane and vice versa, and nMO and nMl are the surface
concentrations of the cation in the membrane at sides 0 and 1, respec-

tively.
The above equations must be combined with specific expressions for the

potential-dependence of the rate constants k and k. For the trapezoidal
intrinsic profile of Fig. 1 a, application of a potential v (in units of kT/e in
order to make it dimensionless) lowers the barrier height for ion transport
from side 0 to side 1 by v, while raising it in the reverse direction by
(1 - ,)v, so that

(9)

where CN is the concentration of the neutral carrier in the membrane
(taken to be independent of x because of its assumed excess with respect
to CM), and KN the equilibrium constant for the formation and dissociation
of the cation-carrier complex. In this case, the current-voltage curve

follows from Eqs. 4, 6, and 9 as (Hladky, 1974; Schoch et al., 1979)

I FDMKNCNV (Cwo - cwlev) (10)
eO°d[e-v e(f-l)v(

k-= koe>v k- koeo-I)v (12)

where k° represents the rate constant for the ion-carrier complex crossing
the intrinsic barrier, i.e., for v 0. Combination of Eqs. 11 and 12 yields

I= FKk°e56 (cwo - cwIe-) (13)

where K -cwO/nMO cw1/nml has the function, though not quite the
dimension, of a partition coefficient. For nonactin-mediated potassium
transport, again assuming that the neutral carrier is present in the
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membrane in large excess so that nNo >> nMO, nNI >> nM1 and nNOnNo= nN,
we find instead

I = FKNnNk°e#" (cwo- cwle-v). (14)

Comparison of the Two Models
We note that, for the continuum as well as for the single jump model, a
conductance function S(v) can be defined (Hall et al., 1973), which is
independent of the aqueous concentrations cwO and cwl

cwoev/2 -cwwe- /2 cwo - cw, e-V (15)
S(v)= = Ie-v/2

For the continuum model we find, from Eqs. 8 and 10, after normalization
(de Levie and Abbey, 1976) through division by S(v = 0)

S(v) sinh ('/2 - #)v
S(v=0) (/2- )v(

while the single jump results of Eqs. 13 and 14 lead to

s = e(l/2-)v. (17)

When ,8 does not have a value close to 1/2, Eqs. 16 and 17 predict quite
different dependencies of the functions S and s on the applied voltage v,

0 2 4 al lt) W 6

FIGURE 2 Semilogarithmic plot of the dimensionless conductance func-
tion s vs. (1/2 - #)v, where v is the dimensionless potential for ion
transport in a, the single jump model (Eq. 17), and b, the continuum
model (Eq. 16).

even for the same mechanistic assumptions and for the same assumed
potential-distance profile A'(x).

Fig. 2 illustrates the different predicted behaviors, and shows that a
semilogarithmic plot of S or s vs. v will be linear for the single jump
model, but curved when the continuum model applies. Consequently, it
may be possible to distinguish, experimentally, which model best
describes the observed behavior. We emphasize again that this criterion
will fail when f, - 1/2.

MATERIALS AND METHODS

All salts used (KCI, LiCl, CaCl2) were Baker "analyzed;" n-hexane was
also from J. T. Baker Chemical Co. (Phillipsburg, NJ), while n-decane
and n-octadecane were from Eastman-Kodak Co., (Rochester, NY) and
squalene from Sigma Chemical Co., (St. Louis, MO). Throughout this
study we used synthethic L-diphytanoyllecithin from Avanti Polar Lipids,
Inc., (Birmingham, AL). Nonactin was from Boehringer Mannheim
Diagnostics Inc. (Houston, TX). All chemicals were used without further
purification.

Currents were measured with laboratory-assembled polarographic
equipment based on operational amplifiers. An initial voltage, a slowly
changing voltage from an integrator, and an alternating voltage from an
oscillator (Krohn-Hite 4002; Krohn-Hite Corp., Avon, MA) were mixed
in a potentiostat and applied to the cell containing the membrane. The
resulting membrane current was converted into a voltage by a carefully
shielded, battery-operated operational amplifier (Analog Devices AD 515
LH; Analog Devices, Inc., Norwood, MA) using feedback resistances
from 106 to 10" R. Two XY-recorders (Hewlett-Packard 7005B; Hewl-
wett-Packard Co., Palo Alto, CA) were used. One displayed the direct
current component of the membrane current as a function of applied
potential, while the second monitored the quadrature component of the
alternating current as obtained via a lock-in amplifier (Ithaco 353;
Ithaco, Inc., Ithaca, NY). The slowly changing voltage had a scan rate
between 0.03 and 0.1 V s-' unless indicated otherwise; the alternating
voltage used was 100 Hz at 2.5 mV amplitude across the cell.
The cells used were made from Teflon. The cell for Mueller-Rudin-

type membranes had a total solution volume of -15 ml; the orifice on
which the membrane was formed had a diameter of 2.5 mm. The actual
geometric area of the black lipid membrane was measured with a
low-power stereo-zoom microscope (American Optical 570; American
Optical Scientific Instruments, Warner-Lambert Co., Buffalo, NY) with
a micrometer grid in one of its oculars. We estimate that the area
measurements so obtained are reliable to within about ±4%. Membranes
were made from solutions of n-hexane, n-decane, n-octadecane or squal-
ene (White, 1978), each containing 5 mg lipid per milliliter of solvent.
The electrolyte solutions were unbuffered and contained 10, 70, or 500
mM KCI in water or 50 mM KCI in 10 M aqueous CaCl2 . This latter
solution had been centrifuged to remove debris, and subsequently neutral-
ized with HCI using pH indicator paper. In the experiments with
nonactin, its aqueous concentration was 10-6 M.

For Takagi-Montal membranes, we used a DuPont type A Teflon film
(DuPont Instruments, Wilmimgton, DE), 2.5 gm thick, clamped between
two Teflon compartments with a total solution volume of -8 ml. The film
contained a hole of 0.15 to 0.20 mm diameter, which had been punched
with a 30 gauge hypodermic syringe needle. The orifice of the hole was
coated with one to two Mil of a 0.4 (wt/vol)% solution of drugstore-grade
Vaseline (petroleum jelly), which had been centrifuged to remove particu-
lates. We estimate the uncertainty in the membrane area to be about
±8%. Membranes were formed by filling the cell compartments with
aqueous solution such that the hole was not yet covered, then adding to
each solution 10 to 20 gl of hexane containing 10 mg/l of lipid. After -10
min (to let the hexane evaporate) the levels of the aqueous solutions were
raised slowly, one after the other, in order to form the membrane. With
the Takagi-Montal method, the cell compartments sometimes contained
solutions of different composition, in which case the chloride concentra-
tions in both compartments were equalized by appropriate addition of
LiCl to one side.
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For both cells, Ag/AgCI electrodes were used; they had surface areas
of at least 4 cm2. No temperature control was used, and the temperature
was 22 ± 20C, with the exception of the measurements using n-octadecane
as solvent, in which case the temperature was 26 ±0.50C.

EXPERIMENTAL RESULTS

Membrane Capacitance
Preliminary capacitance measurements were made, in the
absence of nonactin, to verify whether the membrane
thickness remained constant, as invariably assumed in the
various models. Mueller-Rudin membranes made with
hexane as solvent were quite unstable (-60% of them
broke during the blackening stage) and short lived (those
reaching full blackness typically lasting only 20 to 200 s);
they were not considered sufficiently well characterized to
record their current-voltage characteristics.

Mueller-Rudin membranes made with n-decane were
much more stable. While these membranes blackened,
their capacitance of course increased with time. However,
this increase did not stop after the membranes had become
fully black, at a specific capacitance of 0.38,uF cm-2 ± 5%
at zero applied voltage. Instead, it continued at a much
smaller but fairly constant rate of -2.1 nF cm-2 min-', in
accordance with observations reported by Benz and Janko
(1976) for dipalmitoyllecithin. The capacitance increase
continued until the membrane broke, which occurred at a
value of the specific capacitance of 0.41,F cm-2 at v = 0.
(The standard deviation of this value is ±4%, and was
essentially that of the microscopic determination of the
membrane area.) This specific capacitance at membrane
breakdown does not depend on the KCl concentration
(eight observations each at 10 and 500 mM KCl gave 404
and 412 nF cm-2, respectively, both with a standard
deviation of ± 3.4%) but does vary with applied potential.
At 200 mV, the specific breakdown capacitance was found
to be 0.51 nF cm-2 (±4%, for 18 membranes) for all KCl
concentrations. Thus, the breakdown of our decane-
containing black lipid membranes appeared to be deter-
ministic (in terms of membrane capacitance) rather than
stochastic (Abidor et al., 1979).
The membrane capacitance has been reported (Babakov

et al., 1966; Rosen and Sutton, 1968; White, 1970; Wob-
schall, 1972; White and Thompson, 1973; Benz and Janko,
1976) to have a voltage dependence of the form

C. = C O (1 + YV2). (18)

However, the capacitance of membranes made with
decane had a much more complex dependence on voltage
than suggested by Eq. 18. Under a voltage scan rate of
between 20 and 100 mV s-1, the capacitance exhibited a
very pronounced hysteresis (Schoch et al., 1979). With the
voltage starting at zero, the capacitance of newly formed
membranes increased approximately according to Eq. 18
until, at about ± 125 mV, it started to increase much more

rapidly and no longer in an approximately quadratic
fashion. On the return sweep after having exceeded ± 125
mV, the capacitance remained up to 10% higher until the
voltage was approximately zero; the return curve could be
described approximately by Eq. 18 with a y value of the
order of 6 V-2. Old membranes exhibited qualitatively
similar behavior, although they tended to have a less
dramatic change in dC/dV around ± 125 mV.

Mueller-Rudin membranes made with n-octadecane or
squalene formed much more slowly (full blackening could
take up to 2 h with sqalene) but, once formed, they had a
longer lifetime than those made with decane. Their capaci-
tances were weakly dependent on potential, and could be
described by Eq. 18 with -y values ranging from 0.2 to 0.5
V-2. The values of Cv - 0 listed in Table I suggest that
relatively little solvent is incorporated and/or that these
long, linear solvent molecules are mostly intercalating
parallel to the alkyl chains of the lipid molecules, in which
case their presence might not much affect the membrane
thickness, and hence its capacitance. No capacitance hys-
teresis was observed with Mueller-Rudin membranes
made with either n-octadecane or squalene.
The most stable Mueller-Rudin membranes made were

those formed in 10 M CaCl2, which is a highly polar
aqueous medium containing little if any free water. These
membranes will withstand applied voltages of up to 500
mV, which, for steady-state measurements, is rather
exceptional. Other than that, the observed capacitance
behavior was similar to that of the more dilute KCl
solutions: membranes formed with n-decane exhibited a
strong dependence of capacitance on potential as well as
hysteresis, those made with n-octadecane or squalene
showed only moderate voltage dependencies of C (at most
a 5% increase in C between 0 and +0.5 V) and no
hysteresis.

Takagi-Montal membranes are more time consuming to
make, but have superior stability; they usually survive for
more than 24 h and, occasionally, up to 72 h. Their specific
capacitance was slightly higher than those of Mueller-
Rudin membranes made with squalene, see Table I. (The
higher estimated error in the value of C- 0 derives from the
larger uncertainty in the membrane area.) These mem-
branes exhibited no capacitance hysteresis, and low values
of y, of _0.1 V-2, resulting in a capacitance change of only
-1% in going from 0 to 300 mV. (Alvarez and Latorre,
1978, reported even lower values, while Benz et al., 1975,
observed no voltage dependence of C for Takagi-Montal
membranes formed without Vaseline.) The capacitance of
our Takagi-Montal membranes decreased in time, by -5
to 10% in 12 h, after which the capacitance remained fairly
constant; we suspect that some hydrocarbon solvent from
the Vaseline used to prepare the supporting Teflon film
slowly found its way into the lipid membrane. At potentials
exceeding + 0.3 V, the Takagi-Montal membranes tend to
become unstable. If so, they would either break or their
capacitance would change suddenly and irreversibly.

VAN DUK AND DE LEVIE Continuum and Single Jump Description ofPotassium Transport 129



TABLE I
SUMMARY OF RESULTS

Membrane Solvent Specific Model and
type used capacitance , parameter

uFcm-2
Mueller-Rudin n-hexane 0.61 ± 4% (12)
Mueller-Rudin n-decane 0.40 ± 4% (20) S 0.36 ± 3% (22)
Mueller-Rudin n-octadecane 0.77 ± 5% (8) C0.26 ± 4% (7)
Mueller-Rudin squalene 0.85 ± 4% (14) C 0.25 ± 5% (5)
Takagi-Montal 0.95 ± 10% (15) C0.30 ± 3% (18)

The specific capacitance was measured in 10, 70, and 500 mM aqueous KCI in the absence of nonactin. The model parameter # for ion transport for
either the single jump model, S, or the continuum model, C, was determined in the same aqueous solutions in the presence of 1 ,uM nonactin. The # values
obtained in 10 M CaCl2 were significantly lower. The standard deviations, in percentage, are followed by the number of membranes tested, in
parentheses.

Steady-State Current-Voltage Curves
Currents were measured as a function of applied voltage at
10-mV intervals. In Fig. 3 we show some examples of
curves of log[(cwoev/2 - cwl e`12 vs. potential for
membranes that showed no capacitance hysteresis. Com-
parison of the shapes of the curves in Fig. 3 with those of
Fig. 2 clearly indicates that the single jump description
does not apply to these data. To test whether the
continuum model can accomodate these observations
quantitatively, we have compared the measured currents
with those calculated from i/B = (cwo - Cwl e>)/
(e-v e - lV), where B and #3 are adjustable parameters.
Adjustment of the two parameters, B and A3, is quite easy
since they hardly interact, B being a scale factor for the
current and A for the voltage. Fig. 4 shows that such a
residual analysis, performed on a PDP 11-23 minicom-
puter (Digital Equipment Corp., Marlboro, MA), is quite
sensitive to small variations in d3.

All current-voltage curves obtained with Mueller-Rudin
membranes made with n-octadecane or squalene, in aque-
ous KCl as well as in CaCl2 solutions, could be fitted
quantitatively, i.e., to within ±3%, to the voltage depen-
dence of Eq. 10 over the entire range of potentials used.
The same applied to Takagi-Montal membranes, up to the
potential at which their capacitance changed suddenly. At
that point the current would exhibit sudden noise spikes,
possibly from field-induced membrane imperfections (Wei
and Woo, 1973; Coster and Zimmermann, 1975a, b; Benz
et al., 1979).
As long as the voltage excursions did not exceed ± 125

mV, the current-voltage curves obtained with Mueller-
Rudin membranes made with n-decane could be fitted with
either model. The fit seemed somewhat better with the
continuum model, but the voltage range was too limited to
make a definite choice. With larger voltage excursions, the
data could no longer be fitted to Eq. 10 but could still be
represented quantitatively by the single jump relation (Eq.
14). The current-voltage curves exhibited a hysteresis
paralleling that of the capacitance, see Fig. 5, and fitting
the forward and reverse traces required different values of

FIGURE 3 Two experimental data sets, plotted as ln S vs. V, where S
has the dimension of MInA and V is in volts. (a) Mueller-Rudin
membrane made from diphytanoyllecithin in octadecane, in aqueous 10
M CaCI2 + 50 mM KCI + 1 uM nonactin. (b) Takagi-Montal
membrane made from diphytanoyllecithin in aqueous 70 mM KCI + 1
,uM nonactin. Points, experimental data; lines drawn according to Eq. 10
using (a) , = 0.193 and (b) , = 0.29.
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f3. Under these conditions, the membrane thickness is
clearly no longer constant. Since both the continuum and
the single jump results used here require that the mem-

brane thickness be constant, we do not consider the results
with decane-containing Mueller-Rudin membranes rele-
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FIGURE 5 Current-voltage curves obtained with Mueller-Rudin mem-

branes made from diphytanoyllecithin in decane, recorded with a voltage
scan rate of 100 mV s-'. Aqueous solutions: 0.5 M KCI + I ,u nonactin.
Currents in microamperes, potential in volts. As long as the voltage
excursion does not exceed ± 125 mV, the current-voltage curves exhibit
only minor hysteresis; for larger voltage excursions, the hysteresis
increases markedly.

vant to our search for the appropriate model description of
ion transport.

Validity of the Mechanistic Assumptions
Made

The nonactin-mediated transport of potassium ions is a

complex process involving several individual steps. Conse-
quently, the simplifying mechanistic assumptions used to
derive Eqs. 10 and 14 need justification. The processes

involved can be enumerated as follows.
1. In order for potassium ions to permeate the mem-

brane, they must first reach the membrane-water inter-
face. Moreover, after passing through the membrane, they
must be removed from the other membrane-water inter-
face. Such aqueous mass transport could limit or influence
the measured current.

2. In the steady state, the membrane must support a net
flux of nonactin molecules equal in magnitude to that of
potassium-nonactin complexes, but flowing in the opposite
direction. Thus, carrier transport across the membrane
could limit or influence the current.

3. Before a potassium ion can cross the membrane, it
must first form a complex with its carrier, nonactin.
Likewise, this complex must dissociate when the potassium
ion is released at the other side of the membrane. There-
fore, the rates of formation and of dissociation of the
cation-carrier complex could limit or influence the current.
Below we will consider these potential complications one

by one.

1. The products of the measured current and the resis-
tance of the aqueous solutions indicate that the voltage
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drops across these solutions, and hence the corresponding
electric fields, are negligible. Consequently, aqueous mass
transport must be due to diffusion, and a potential-
independent limiting current would be observed if such
diffusion would be rate limiting. No indication of such a
limiting current is observed. A back-of-the-envelope esti-
mate of the magnitude of such a limiting current can be
made by assuming an aqueous diffusion coefficient D of
the order of i0-5 cm2 s-1 and a Nernst diffusion layer
thickness 6 of between 0.01 and 0.1 cm. For an aqueous
potassium concentration of 10 mM, i.e., 10-5 mol cm-3, we
then obtain a limiting current density I = FcD/l of
between 0.1 and 1 mA cm-2, several orders of magnitude
larger than the experimentally observed current density.
This rules out any significant partial influence of aqueous
diffusion on the measured current.

2. Transport of the neutral carrier nonactin must also be
by diffusion or, when the single jump formalism is adopted,
by hopping. In either case, it should be independent of the
applied potential, and hence give rise to a voltage-indepen-
dent limiting current. Since no tendency towards a limiting
current is observed, even at the highest potentials, we can
rule out any major involvement of carrier transport. Even a
minor measurable effect of carrier diffusion is ruled out by
the fact that, at constant nonactin concentration, the
shapes of the current-voltage curves for 10, 70, and 500
mM KCl are identical.

3. The assumption that the complexation and dissocia-
tion reactions are sufficiently fast can be justified in a
similar fashion. The rates of interfacial chemical reactions
can be expected to be independent of applied potential (or,
at most, to be weakly potential-dependent, as in the model
used in Appendix B). The observed current-voltage curves
show no tendency to level off and, to quote Liuger and
Stark (1970), "From the absence of a limiting current we
may therefore conclude that the slowest step in the ion
transport is the migration of the complex across the interior
of the membrane."
The above argument does not eliminate the possibility of

a relatively minor influence on the current, especially at
the larger applied voltages. Since our analysis deals with
(and draws conclusions from) rather small differences, the
point cannot be brushed aside, and has been considered in
somewhat more detail.

In Appendix A we derive current-voltage relations for
the continuum and single jump models that include slow
interfacial kinetics. We have attempted to fit our experi-
mental data to Eqs. A3 and A6. As expected, agreement
between our data and Eq. A3 was best when the interfacial
rate constants were approaching infinity (while keeping
constant their ratio kc/kD = KN). Satisfactory agreement
between our data and Eq. A6 could not be achieved, and it
will be clear from Fig. 6 in Appendix A why this was so:
despite the use of an additional adjustable parameter,
k0/kD, the predicted curves exhibit only a superficial
resemblance to the experimental ones. Whenever the rate

parameters were chosen so as to yield a somewhat reason-
able fit to Eq. A6 for, say, the first half of the curve (as for
k0/kD = 0.02 and : = 0.5 in Fig. 6f ), the points at higher
applied voltages would deviate systematically, the calcu-
lated currents at the higher voltages consistently being
lower than the observed ones, similar to the observations of
Stark and Benz (1971). (Note that higher currents corre-
spond with lower values of the conductance function s.) We
conclude that our experimental data do not fit the single
jump model even when slow interfacial kinetics are taken
into account, while excellent agreement is obtained
between our observations and the predictions of the con-
tinuum model with equilibrium interfacial kinetics.

DISCUSSION

It is not always recognized that, even for the same mechan-
istic assumptions and the same potential-distance profile,
the continuum and single jump formalisms lead to dif-
ferent predictions. It now appears that the difference
between the two formalisms can be much more pronounced
than that caused by different assumptions regarding the
potential profile. For example, when the trapezoidal profile
,6(x) is replaced by a continuous analytical function, as was
done by Hall et al., (1973) and by de Levie (1978), the
predicted results are essentially indistinguishable as long as
the continuum formalism is used. This is a consequence of
the fact that many assumed profiles ,6(x) can lead to the
same value of the integral

fd e4dx

while it is only the latter that is tested experimentally, see
Eq. 4. This inherent limitation of our access to the poten-
tial-distance profile has, of course, been recognized before
(Ginsburg and Noble, 1976; Attwell and Jack, 1978;
Attwell, 1979).

Even continuum descriptions that involve quite different
model assumptions may lead to the same voltage depen-
dence of the current. For example, one can introduce
interfacial effects into the continuum description not by
modifying the potential-distance profile but, rather, by
introducing potential-dependent interfacial barriers using
the traditional electrochemical formalism (Erdey-Grfuz
and Volmer, 1930) In one such model (de Levie and
Abbey, 1976), transport through the membrane interior is
described in terms of a rectangular intrinsic barrier profile,
but in a region extending only from x = f,d to x -
(1 - fl)d. As shown in Appendix B, such a model predicts
the very same voltage dependence of the current as that of
Eqs. 8 or 10. The above strongly suggests that, in the
present study, we are not so much testing a particular
profile as we are probing the correctness of the underlying
models, continuum vs. single jump.

It might be argued that, even when various continuum
models predict similar voltage dependencies of the current,
this need not be the case for the single jump model. This,
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however, appears to be rather unlikely, unless the single
jump formalism were restructured completely to make the
position of the barrier maximum a function of applied
potential. The original single barrier calculations put the
barrier maximum in the middle of the membrane. The
trapezoidal profile used here moves that maximum to an
arbitrary position, dependent on the sign but not on the
magnitude of the applied potential. The assumption that
the position of the maximum does not vary with applied
potential is, of course, consistent with the basic tenet that
the barrier is so high that the position of its maximum is
not materially affected by v.

In summary, then, and disregarding those cases in which
the measured capacitance exhibits a very pronounced
voltage dependence and hysteresis, the shapes of the
steady-state current voltage curves reported here can be
represented quantitatively by the continuum approach, but
not by the corresponding single jump model. Our data also
indicate that, for nonactin-mediated potassium transport,
the rates of the interfacial reactions are much higher than
those of ion permeation through the membrane.

APPENDIX A

The Effect of Slow Interfacial Kinetics
We now extend the continuum treatment to include interfacial kinetics by
equating the net ionic flux I/F across the membrane to the net interfacial
kinetic flux. Results are given here for carrier-mediated transport; those
for lipophilic ions are obtained simply by substituting kw for kCcN or kcnN,
kM for kD and K = kw/kM for KN = kc/kD. We have

l dcm d+)~F Mdx+ dx)

= kccwoCN - kDCMO = kDCMI - kCcwCN (Al)

or, after substitution of Eqs. 4 and 6

DMV (CMO- CMIev)
[e-V _ e(ft)-vIe#od

= kCcwoCN - kDCMO = kDCMI - kCcwlCN- (A2)

Eq. A2 allows us to solve for CMO and CM,, whereupon we obtain

FDMV (CMO - cM1e -)

[e-f- e(#-0V]e4Od
FDMvkcCN(CWO -cwle-U) (A)

DMv (1 + e-V) + e#okDd (e- U - e[l- (A3

cwo - cwie-V
e-v/2

e+Od[e('/2-)v -e- (1/2-Or)v] eV2 + e-v/2
=DmNCN FkCC+FDMKNCNV FkccN

(A4)

The first term on the right-hand side of Eq. A4 is the same as one would
derive from Eq. 10, while the second term reflects the effect of nonequili-
brium interfacial kinetics.

For the single jump model, Eqs. 11 and 12 yield likewise

F = knMo - knml = konMoefv - konMle($-1)v

= kccwonN - kDnMo = kDnml - kccwlnN, (A5)

from which nMo and nml can be found. Hence

I = Fk[nmoeo - nMle(1)vI
FkcnNkoe#u(cwo - cwie-) (A6)

kD + kVev (1 + e-v)

Cwo - Cwle- e'1/2 - t e /2 + e-v2
_ e-v12 FKNnNk0 FkcnN

(A7)

The additional term in Eq. A7 due to the slow interfacial kinetics is fully
equivalent to that in Eq. A4, since the two models treat the interfacial
kinetics in a similar way. The dimensionless conductance function s
follows from Eq. A7 as

SV e(112-)v + (ev2 + e- v/2)ko/kD
sv-o 1 + 2k0/kD

(A8)

Fig. 6 illustrates some curves of s vs. v predicted by Eq. A8 for various
values of ,B and k0/kD. For ease of comparison, Fig. 6 also contains the
curves and data shown in Fig. 3. When nonequilibrium interfacial kinetics
are taken into account in the single jump model, the simple criterion
suggested by Fig. 2 no longer applies. However, Fig. 6 also shows quite
unambiguously the inability of Eq. A8 to represent the experimental
data.

APPENDIX B

An Alternative Continuum Model
In the preceding discussion of the continuum model, the interfacial
aspects of the membrane were incorporated in the formalism through an
assumed trapezoidal potential-distance profile, its sloping sides repre-
senting the combined effects of image forces and dipole potentials acting
on the ions in the membrane. At the metal-solution interface, the
analogous problem is traditionally handled by introducing interfacial
potential-energy barriers. This approach goes back to the work of
Erdey-Grfiz and Volmer (1930) and has since been applied by several
authors to ion transport through membranes (Zwolinsky et al., 1949; Wei
and Woo, 1974; Hladky, 1974; de Levie and Abbey, 1976; Ciani, 1976).

Fig. 7 illustrates the model used here (de Levie and Abbey, 1976). The
interfacial barriers are characterized by transfer coefficients, which, in
Fig. 7, have been given a geometric representation. As in the single jump
model, the detailed shape of the interfacial barriers is not considered. The
continuum approach is applied only to transport through the central
portion of the model, for 13 < x/d < (1 -,B). For CM and CN (but not for
cw) the index 0 now refers to x/d = 13 and, similarly, 1 refers to x/d = 1 -
13. For a lipophilic ion we then derive from Eq. 3,

FD
If edx = cMOeo0v CM1e0+( 1)v. (Bi)

The integral on the left-hand side of Eq. B 1 has, exactly, the value given in
Eq. 6, while interfacial partition equilibrium now yields

(B2)Cmo = Ke-0+PVCwO, cMI -= Ke - o -,6

so that the current density is given by

I FDMKv(cwo - cwl e-v)
e4'0d[e-# >e(- - (B3)
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which is identical to Eq. 8. For cation transport mediated by a neutral
carrier, under the assumed conditions,

CMO = KNCNe #5VCwo, CMI = KNCNe -° + CWI (B4)

so that

FDMKNCNV(CWO - Cwle U)
e4'od[e O - e(#-l)v]

predict different current-voltage curves; in the present case, no such need
exists.
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which is indistinguishable from Eq. 10. Only when nonequilibrium
interfacial kinetics need be considered do these two continuum models Receivedfor publication 26 November 1984.
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FIGURE 6 Semilogarithmic representation of the dimensionless conductance function s of Eq. A8 for the single jump model with
nonequilibrium interfacial kinetics for various values of , and k0/kD. Values of/ are (a) ,3 = 0,0; (b) j3 = 0. 1; (c) # = 0.2; (d) fi = 0.3; (e) = 0.4,
and (f) ,3 = 0.5. Values of ko/kD are given with the curves. Also shown, as broken lines, are two curves according to Eq. 10 for fl = 0.193 and ,j
= 0.29, respectively, representing the experimental data of Fig. 3.

BIOPHYSICAL JOURNAL VOLUME 48 1985134



toQ00 1000

e f

t t
S S

100- 100-

0 0.~~~~~~~

0 5 10 15 20 0 5 10 15 20
V- 6 V-i

FIGURE 6 Continued

FIGURE 7 The potential-distance profile used by de Levie and Abbey
(1976), with interfacial barriers for 0 _< x/d _< f and (1 - I) _< x/d -- 1,
and continuum treatment for the membrane interior at x/d _< (1 -

fl). Top and bottom curves are without and with an externally applied
voltage v, respectively. Potentials are expressed in units of kT/e; a is a
transfer coefficient.
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